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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
 
In this study we investigate the efficiency of peridynamics to reproduce results from molecular dynamic simulations of 
nanoindentation of thin single-crystal fcc copper layers by calibration of material parameters in the peridynamic model. The free-
ware LA MPS suppor s both molecular dynamic and peridynamics approach s, and has been used as the common framework. 
Nanoindentation response for two different crystallographic orientations has been simulated using both numerical approaches and 
the force-displacement curves from the simulations have been compared between the different approaches. The conclusion is that 
proper chose of the peridynamic material parameters results in proper reproduction of the molecular dynamic results for the 
nanoindentationtest. This opens for peridynamic simulations of geometrically more complicated structures to a much lower 
computational cost, retaining the mechanical response from the atomic scale. 
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1. Introduction 
     The development of every-da  technology increasingly involves the design and fabrication of devices of smaller 
and smaller dim nsions, down to the na ometer length scale. For simulations and calculations at the nanoscale 
molecular dynamic models are often used. For many, except for the smallest systems, molecular dynamic (MD) 
models are computationally too expensive and time consuming, whereas classical continuum mechanics models fails 
to accurately resolve the observed nanoscale phenomena occurring. One modelling strategy is to continualize the  
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MD models, replacing inhomogeneity’s present on smaller length scales by an enhanced continuum description on 
larger length scales. This approach is called peridynamics (PD) and is a novel non-local continuum model developed 
by Silling (2000), who introduced the term “peridynamic” from the Greek roots for near and force. Peridynamics is 
a generalized continuum theory model, employing a nonlocal force interaction based on integral operators that sums 
internal forces separated by finite distances, thus replacing the stress-strain relation in classical continuum 
mechanics.  
Nanoindentation is a useful experimental method to characterize the micromechanical properties of materials and 
have been widely used to determine elastic and plastic properties, such as Young’s modulus and hardness of the 
material from force-displacement curves recorded during experiments.  In this study MD and PD are used to 
simulate nanoindentation using the free-ware LAMMPS (http://lammps.sandia.gov), which supports both 
approaches. A stiff spherical indenter targets a thin copper film, resting on a stiff substrate. The copper layer is 
modeled as a thin rectangular plate, with the bottom particle layers locked from movement in all directions and 
periodic boundary conditions are applied in two directions, thus simulating an infinitely large plate.  
The objective of the study is to compare the results obtained from MD simulations to results using a PD 
approach. The material parameters in the PD model will be fitted to recreate the force-displacement curves from the 
MD simulations. The purpose is to investigate whether PD can mirror features originating at the atomic scale, as 
found from MD simulations, through calibration of the material parameters in PD. 
2. Statement of the problem 
2.1. Model geometry 
     The problem under consideration is nanoindentation, cf. Fig. 1, where a stiff spherical indenter, with radius R = 
20a0 where a0 = 3.615Å is the lattice constant for copper, is pushed into a thin copper coating of width W = 80a0 and 
thickness t = 20a0. The thin coating is assumed to be resting on an infinitely stiff substrate. Copper has a face 
centered cubic structure (fcc) and the crystallographic directions of the coating are chosen such that the (x,y,z) 
directions, cf. Fig. 1, coincides with the [100], [010], [001] or with the [100], [011], [0-11] directions in the material.  
These orientations are later referred to as the [010]- and [011]-orientations respectively, as a reminder of that the 
load application is in the y-direction. 
 
  
 
Fig. 1 Schematic description of nanoindentation. 
 
2.2. Molecular dynamics 
To simulate the nanoindentation process a 3D molecular dynamics approach has been adopted, using the open-
source code LAMMPS, to simulate the movements of the individual atoms continuously under the process. The thin 
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copper coating is simulated using an EAM-potential, consisting of one pair-wise repulsive part and one N-body 
attractive part, described in Holian and Ravelo (1995). The potential energy, Ei, of atom i is given by Eq. (1) below 
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where rij is the distance between atoms i and j,    is a pair-wise potential function,   is the contribution to the 
electron charge density from atom j of type at the location of atom i, and Fα is an embedding function that 
represents the energy required to place atom i of type  into the electron cloud. When modelling the copper coating 
only one type of atoms is present so that α and β are equal, and for the present study the potential file named 
Cu_u3.eam, provided by LAMMPS and developed by Foiles et al. (1986), has been used. 
To simulate an infinitely stiff substrate, the bottom atomic layers of the copper coating have been restricted from 
movements. To simulate an infinitely large plate, periodic boundary conditions have been employed in the x- and z-
directions, cf. Fig.1. Also the indenter is modeled infinitely stiff, using the in LAMMPS built-in function “indent”, 
preventing the copper atoms to pass the fictive surface of the indenter. After an initial relaxation of the coating to 
find the copper atoms correct initial positions, the indenter is forced into the coating under displacement control in a 
stepwise manner. After each new step of the indenter, the atoms are again relaxed to find their correct positions and 
the required force, P, on the indenter is calculated. The same procedure as during loading is also used during 
unloading; by stepwise removing the indenter. The simulations have been performed at constant temperature T = 
0.01K, using an NVT ensemble, with a Nose-Hoover thermostat found in Ellad and Miller (2011). Details about the 
simulation parameters are seen in Table 1. A more detailed description of the model can be found in Hansson 
(2015). 
 
Table 1 Simulation parameters for the MD model. 
Relaxation steps 10000 Temperature, T 0.01 K 
Time step 0.001 ps Lattice parameter, a0 3.615 Å 
Indenter velocity 9.0375 m/s Indentation steps 120 
Maximum indentation depth 3a0 Number of atoms N ~520000 
 
 
2.3. Peridynamics 
      In classical continuum mechanics interaction between material points are expressed in terms of traction vectors, 
i.e. we assume a local interaction. In contrast, in the PD theory, the interactions between material points are 
expressed in terms of bond forces, permitting interaction between particles at a distance. Peridynamics treats internal 
forces within a continuous solid as a network of pair-interactions, similar to springs. These springs can be linear or 
nonlinear. The response of the springs depends on their directions in the reference configuration, and on their length. 
       Let x be the studied point (particle) and x'  a neighbor point which exerts the force density f. The material 
points interact with all material point within a neighborhood  , which is a spherical region around particle x  with 
radius ( )x , called the horizon, see Fig. 2. The horizon is the distance limit across which a pair of material points 
can interact and can be interpreted as the length scale in the model, defined in the reference configuration in contrast 
to the cut-off radius in MD, which is defined in the deformed configuration. If x'  leaves the horizon of the point x  
it is assumed that f vanishes: the bond between x  and x'  is broken. The relative position of the two particles in the 
reference configuration is denoted by ξ  and their relative displacement by η : ξ = x' - x and ( , ) ( , )t t η u x u x . 
The current relative position vector of the two particles is then η ξ . Lagrange’s equation for material point k
states:  
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where the Lagrangian function is given by L T U  , with T and U  being the total kinetic and the total potential 
energies respectively:    
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a single bond. The factor 1/2 is due to the fact that each endpoint of the bond “owns” only half of the energy in the 
bond. The equation of motion of a material point k reads 
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Fig. 2.  Kinematics of the PD theory.  Each point x in the body interacts directly with the points in the sphere  with radius δ through bonds. 
The bond force f   is introduced as /kj kj kw  f u   and /jk jk kw  f u  and the equation of motion for a material point at x  is 
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Here  denotes the neighbourhood of particle x , ( , )tu x  is the displacement vector field, ( , )tb x  is body force 
field and ( ) x   is the mass density in the reference configuration. As seen the equation of motion (5) contains 
integrals rather than differentiations and is therefore valid everywhere inside the material body regardless of any 
discontinuity. The limiting process produces a classical constitutive model for the Piola stress as a limiting case of 
the PD stress for a small horizon. The material behavior is specified by the bond force, which is given by: 
( ) ( ) ( , )w f     
ξ ηf η,ξ η,ξ ξ η ξη ξ η                                                 (6) 
where f is a scalar function. The bond force ( )f η,ξ  can be derived from a micro-potential  ( )w η,ξ  as
( )  ( )w ηf η,ξ η,ξ . Failure in PD is naturally included in the framework since, when the stretch between two 
material points is greater than its critical value, bond breakage occurs, eliminating the interaction between the two 
points. A particle without bond is free and to prevent particle overlap short range repulsive forces are introduced and 
added to the total force ( )f η,ξ  in (6).  
2.4. Discretization of the thin copper coating; peridynamics  
      For the PD simulations the molecular dynamics free-ware LAMMPS has been employed, see Parks et al. (2013) 
and the atomic images are produced using OVITO, developed by Stukowski (2010).Peridynamic simulations of 
nanoindentation have been performed employing the elasto-plastic PD model provided in LAMMPS. The thin 
copper coating has been modelled as a PD body. The discretization parameter in peridynamics is the so called lattice 
parameter A0, defining the minimum distance between two particles disposed in a simple cubic (sc) cell system with 
the sc cell side length equal to A0, see Fig. 3c). Figure 3 compares the atom positions in MD simulations for the two 
crystal orientations, Figs 3a),b), with the discretization in the PD simulations. The thin copper coating is for the PD 
simulations constructed by the repetition of sc cells. A thin copper coating of the size 80A0x80A0x20A0 has 80 sc 
cells in the x- and z-directions, and 20 sc cells in the y-direction. The same boundary and loading condition as in the 
molecular dynamic simulation are applied. Here the PD lattice parameter A0 = a0 = 3.615 Å was chosen in order to 
compare directly to molecular dynamic simulations. The number of particles used for the simulations was 134400, 
which correspond to 26% of the number atoms in the corresponding MD model. For larger A0 the reduction of 
number of particles rapidly increases and for A0 = 1.2a0 the reduction becomes about 80%. The isotropic elastic-
plastic solid model, see Silling and Askari (2005), is employed in the peridynamic simulation. 
 
 
Fig. 3.  Discretization of the thin copper coating (four unit cells): a) MD in [010]-orientation, b) MD in and [011]-orientation, c) PD. 
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Here  denotes the neighbourhood of particle x , ( , )tu x  is the displacement vector field, ( , )tb x  is body force 
field and ( ) x   is the mass density in the reference configuration. As seen the equation of motion (5) contains 
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      For the PD simulations the molecular dynamics free-ware LAMMPS has been employed, see Parks et al. (2013) 
and the atomic images are produced using OVITO, developed by Stukowski (2010).Peridynamic simulations of 
nanoindentation have been performed employing the elasto-plastic PD model provided in LAMMPS. The thin 
copper coating has been modelled as a PD body. The discretization parameter in peridynamics is the so called lattice 
parameter A0, defining the minimum distance between two particles disposed in a simple cubic (sc) cell system with 
the sc cell side length equal to A0, see Fig. 3c). Figure 3 compares the atom positions in MD simulations for the two 
crystal orientations, Figs 3a),b), with the discretization in the PD simulations. The thin copper coating is for the PD 
simulations constructed by the repetition of sc cells. A thin copper coating of the size 80A0x80A0x20A0 has 80 sc 
cells in the x- and z-directions, and 20 sc cells in the y-direction. The same boundary and loading condition as in the 
molecular dynamic simulation are applied. Here the PD lattice parameter A0 = a0 = 3.615 Å was chosen in order to 
compare directly to molecular dynamic simulations. The number of particles used for the simulations was 134400, 
which correspond to 26% of the number atoms in the corresponding MD model. For larger A0 the reduction of 
number of particles rapidly increases and for A0 = 1.2a0 the reduction becomes about 80%. The isotropic elastic-
plastic solid model, see Silling and Askari (2005), is employed in the peridynamic simulation. 
 
 
Fig. 3.  Discretization of the thin copper coating (four unit cells): a) MD in [010]-orientation, b) MD in and [011]-orientation, c) PD. 
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3. Results 
3.1. Force versus displacement curves 
The force-displacement curves obtained from the PD simulations have been compared directly to MD 
simulations and fitted by varying the three material constants in the PD model. These parameters are the horizon,  , 
together with two dimensionless critical bond stretch constants,   and 00s . From molecular dynamic simulation the Elastic modulus was determined to fall in the interval 130-170GPa, and the Poisson’s ratio in the interval 0.22-0.43, 
see Ahadi and Melin (2016a,b). The yield stress is in the interval 10-20GPa. In the PD calibration values within 
these intervals were used as a stating point, and the curves were fitted by varying  ,   and 00s for each crystal orientation. The elastic parameters in Table 2 were thus determined and used in the PD simulations. 
 
Table 2. Required input material parameters in the PD model in LAMMPS 
 Bulk modulus (GPa) 
Shear modulus 
(GPa) 
Horizon   
(nm)       00s  
Yield 
stress 
(GPa) 
[010]-orientation  89  51 0.81 0.22 0.0012 15 
[011]-orientation  144  65 0.85 0.25 0.0025 15 
 
 
     The force-displacement curves from PD- and MD were directly compared and the results are seen in Fig. 4 (left) 
for the [010]-orientation and in Fig 4 (right) for the [011]-orientation and presented in Fig 4 (right). As seen from 
the curves the overall behavior of the material was captured by PD with very good accuracy. This suggests that the 
PD model is well suited to simulate the process of nanoindentation, provided that a proper choice of material 
parameters is made. One difference between the curves is, however, that the curves obtained from PD simulations 
do not reach zero force after unloading. This is due to the fact that, when the bond force between particles is broken 
so that the particle is free, the particle is removed from the simulations. This does not occur in MD simulations since 
interatomic forces always remain. 
 
 
 
           
Fig. 4 Force-displacement curve from PD (blue) and MD (red) simulations for the [010]-orientation (left) and [011]-orientation (right). Force in 
µN and displacement in nm. 
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3.2. Atomic and particle arrangements during loading and unloading 
The atomic arrangement during indentation as determined by MD simulations is seen in Fig. 5 and the 
corresponding particle arrangement obtained from PD simulations in Fig. 6. Orientation [010] is shown to the left in 
Figs 5,6, and orientation [011] to the right.  
 
  displacement = 1a0               displacement = 1a0 
     
   displacement = 2a0                              displacement = 2a0 
     
    displacement = 3a0               displacement = 3a0 
     
Fig. 5 Deformation of the mid plane under the indenter for different indentation depths; MD simulations for orientations [010] (left) and [011] 
(right). 
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Fig. 6 Deformation of the mid plane under the indenter for different indentation depths; PD simulations for orientations [010] (left) and [011] 
(right). 
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Staring with MD for the [010]-orientation, Fig. 5 (left), slip is seen along the closed packed <110>-directions, 
with an angle of 45° to the y-axis. In Fig. 5 (right) the atomic pattern for the [011]-direction is found. Also in this 
case slip occurs in <110>-directions, but in this case this includes one direction coinciding with the y-axis, resulting 
in a different deformation pattern with almost no deformation directly beneath the center of the indenter. Similar 
deformation patterns have previously been studied by Hansson (2014, 2015). 
The distribution of the material particles as found from the PD simulations for the same indentation depths as in 
the MD simulations are presented in Fig. 6. The particle distributions seem quite realistic for both orientations, with 
typical pile-up effects present. For the [101]-orientation, Fig. 6 (left), the slip occurs with an angle of 45° to the y-
axis, similar to the results from MD simulation. The deformation pattern for the orientation [011] in Fig 6 (right) 
shows also similarities to the deformation pattern from the MD simulation, with slip occurring along the y-axes.  
4. Summary and conclusions 
Molecular dynamic simulations, that are well confirmed to capture nanoscale phenomena, were used as reference 
in investigating to what extent PD can capture nanoscale features. Nanoindentation in a thin single-crystal copper 
coating have been modelled using both MD and PD, with the code LAMMPS as a common framework. The crystal 
orientations in the loading direction were [010] or [011].  
It was shown that a small increase in size of the unit cell in PD rapidly reduces the number of particles, i.e. the 
degrees of freedom, in the simulations as compared to MD simulations, thereby considerably reducing the 
computational costs. 
    Force-displacement curves obtained from PD was fitted with good accuracy to the force-displacement curves 
obtained from MD simulation for both crystallographic orientations. The distributions of the material particles from 
the PD simulations are realistic, with typical formation of slip patterns below the indenter. The agreement is 
somewhat surprisingly good despite that no orientation dependence exists in the PD model.  This suggests that PD is 
well suited to describe phenomena at the nanoscale and model features derived from the atomic scale to a very low 
computational cost. 
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